We present generalized methods for calculating lower bounds on the ground-state entropy per site, S0, or equivalently, the ground-state degeneracy per site, W = e S 0 /k B , of the antiferromagnetic Potts model. We use these methods to derive improved lower bounds on W for several lattices.
I. INTRODUCTION
Nonzero ground-state disorder and associated entropy, S 0 = 0, is an important subject in statistical mechanics; a physical realization is provided by water ice, for which, at atmospheric pressure, S 0 = 0.82 ± 0.05 cal/(K-mole), i.e., S 0 /R = 0.41 ± 0.03 [1] - [3] . A particularly simple model exhibiting ground-state entropy without the complication of frustration is the q-state Potts antiferromagnet (AF) on a lattice Λ for sufficiently large q [4] . This subject also has an interesting link with mathematical graph theory, since the partition function of the q-state Potts antiferromagnet at zero temperature on a graph G satisfies Z(G, q, T = 0) P AF = P (G, q) , (1.1) where P (G, q) is the chromatic polynomial of G, which is equal to the number of ways of coloring the vertices of G with q colors subject to the constraint that no two adjacent vertices have the same color. Such a color assignment is called a proper vertex q-coloring of G. The minimum number of colors required for a proper vertex q-coloring of the graph G is called the chromatic number of the graph, denoted χ(G). We will focus here on regular N -vertex lattice graphs Λ N and, in particular, on the limit N → ∞ (with appropriate boundary conditions), which will be denoted simply as Λ. In this limit, the ground-state (i.e., zero-temperature) degeneracy per vertex (site) of the q-state Potts antiferromagnet on Λ is given by 2) and the associated ground-state entropy per site is given by S 0 (Λ, q) = k B ln W (Λ, q). It will be convenient to express our bounds on the ground-state entropy per site in terms of its exponent, e S0(Λ,q)/kB = W (Λ, q). In [5, 6] by S.-H. Tsai and one of us (RS), lower bounds on W (Λ, q) were derived for the triangular (tri), honeycomb (hc), (4 · 8
2 ), and sq d lattices, and in [7] , corresponding lower bounds on W (Λ, q) were derived for all * (a): Permanent address; (b) Address on sabbatical Archimedean lattices Λ and their planar duals, using a coloring compatibility matrix (CMM) method employed earlier by Biggs for the square (sq) lattice [8] , in combination with the Perron-Frobenius theorem [9] and a theorem giving a lower bound on the maximal eigenvalue of a symmetric non-negative matrix [10] . Our notation for Archimedean lattices follows standard mathematical format [7, 11] . The sq d lattice is a nonplanar lattice formed from the square lattice by adding edges (bonds) connecting the two sets of diagonal next-nearest-neighbor vertices in each square.
In this paper we introduce several generalizations of the method used in [5] - [8] and apply these to derive improved lower bounds on W (Λ, q) for several lattices Λ. Refs. [8] and [5, 6] also used CCM methods to derive upper bounds on W (Λ, q). However, it was shown in [5, 6] that, while the upper bounds were moderately restrictive, the lower bounds were very close to the actual values of W (Λ, q). Therefore, as in [7] , we focus here on the lower bounds on W (Λ, q). This paper is organized as follows. In Section II we explain the basic coloring compatibility matrix method. In Section III we discuss our generalizations of this method. In Sections IV-VI we apply our generalized methods to derive new and more restrictive lower bounds on W (Λ, q) for the square, triangular, and honeycomb lattices. In Sections VII and VIII we present corresponding results for two heteropolygonal Archimedean lattices, namely, the (4 · 8
2 ) and (3 · 6 · 3 · 6) (i.e., kagomé) lattices. In Section IX we report results for the sq d lattice. In Section X we compare the large-q Taylor series expansions of our lower bounds for the various lattices with the largeq series expansions of the actual W functions for these respective lattices. Our conclusions are given in Section XI. We list some results on r-partite lattices in Appendix A, the lower bounds on W (Λ, q) for Archimedean lattices Λ from [5] - [8] in Appendix B, and some higher-degree algebraic equations that are used in the text in Appendix C.
II. BASIC CALCULATIONAL METHOD
In this section we explain the basic calculational method used in [5] - [8] to derive lower bounds on W (Λ, q). In the next section we generalize this method in several ways. We consider a sequence of (regular) lattices of type Λ of length L x = n vertices in the longitudinal direction and width L y = m vertices in the transverse direction. In the thermodynamic limit n → ∞, m → ∞ with the aspect ratio m/n finite, the boundary conditions do not affect W (Λ, q). It will be convenient to take periodic boundary conditions (PBCs) in both directions. If a lattice Λ is r-partite, then m and n are chosen so as to maintain this property.
The construction of the coloring compatibility matrix T begins by considering an n-vertex path P n in the longitudinal direction on Λ. The number of proper vertex q-colorings of P n is the chromatic polynomial P (P n , q). Now focus on two adjacent parallel paths, P n and P ′ n . Define compatible proper q-colorings of the vertices of these adjacent paths as proper q-colorings such that no two adjacent vertices on P n and P ′ n have the same color. One can then associate with this pair of adjacent paths an N × N dimensional symmetric matrix T , where N = P (P n , q) = P (P ′ n , q), with entries T Pn,P ′ n = T P ′ n ,Pn = 1 or 0 if the proper q-colorings of P n and P ′ n are or are not compatible, respectively. This matrix is thus defined in the space of allowed color configurations for these adjacent paths.
It follows that, for fixed m and n, P (Λ m×n , q) = Tr(T m ) . (2.1)
For a given n, since T is a nonnegative matrix, one can apply the Perron-Frobenius theorem [9] to conclude that T has a real positive maximal eigenvalue λ max . Hence, for fixed n,
Therefore, taking the n → ∞ limit,
Let us denote the column sum 4) which is equal to the row sum
(since T T = T ) and the sum of all entries of T as
Note that S(T )/N is the average row sum (equal to the average column sum). For a general nonnegative N × N matrix A, [9] , one has the nested inequalities
and min{ρ j (A)} ≤ λ max (A) ≤ max{ρ j (A)} (2.8)
for j = 1, ..., N . Since T T = T , these are equivalent here. One also has the following more restrictive one-parameter family of lower bounds depending on the parameter k, for a symmetric nonnegative matrix T [10] :
(2.9)
Refs. [5] - [8] derived lower and upper bounds on W (Λ, q) using the k = 1 special case of (2.9). We will denote a generic lower bound on W (Λ, q) with the subscript ℓ, as W (Λ, q) ℓ . We will distinguish specific lower bounds that we obtain with the additional subscripts b and k, as explained below. The lower bounds obtained in [5] - [8] were for b = 1 and k = 1. Refs. [5] - [7] studied how close the upper and lower bounds obtained on W (Λ, q) were to the actual values of W (Λ, q) for a number of lattices, where the latter were determined mainly from Monte Carlo calculations, augmented by large-q series expansions together with a few exact results. It was found that for a given lattice Λ, as q increases beyond the region of χ(Λ), the lower bounds rapidly approach very close to the actual value of W (Λ, q).
We next introduce some notation that will be used below for reduced functions obtained from W (Λ, q) which will be analyzed in the large-q limit. This large-q limit is the natural one to consider for chromatic polynomials, since the constraint in a proper q-coloring of the vertices of a graph, namely that no two adjacent vertices have the same color, becomes progressively less restrictive as the number of colors increases to large values. The chromatic polynomial of an arbitrary N -vertex graph G is a polynomial of degree N , and consequently, W (Λ, q) ∼ q as q → ∞. In order to deal with a finite quantity in the q → ∞ limit, one therefore considers the reduced (r) function
A variable equivalent to 1/q that is convenient to use for a large-q series expansion of W r (Λ, q) is
These large-q (i.e., small-y) series expansions are normally given for the function
where ∆ Λ is the lattice coordination number of the lattice Λ (i.e., the degree of the vertices of Λ). In terms of the expansion variable y, these series thus have the form
Analogously, for the expansion of our lower bound, we define the reduced lower bound function W (Λ, y) ℓ as
(2.14)
Before proceeding, we note a subtlety in the definition of W (Λ, q). As pointed out in [12] , the formal eq. (1.2) is not, in general, adequate to define W (Λ, q) because of a noncommutativity of limits
(2.15) at certain special points q s . We denote the definitions based on the first and second orders of limits in (2.15) as W (Λ, q) DNq and W (Λ, q) DqN , respectively. This noncommutativity can occur for q < q c (Λ), where q c (Λ) denotes the maximal (finite) real value of q where W (Λ, q) is nonanalytic [12] . These values include q c (sq) = 3, q c (tri) = 4, and the formal value q c (hc) = (3 + √ 5)/2 = 2.618... [4, 12] for the square, triangular, and honeycomb lattices. As explained in [12] , the underlying reason for the noncommutativity is that as q decreases from large values, there is a change in the analytic expression for W (Λ, q) as q decreases through the value q c (Λ). We do not have to deal with this complication here because elementary results yield exact values of W (sq, 2), W (hc, 2), W ((4 · 8 2 ), 2), and W (tri, 3) (see Eqs. (A1) and (A2)), namely
(2.16) Hence, our lower bounds are not needed at the respective values q = 2 for the square, honeycomb, and (4 · 8
2 ) lattices or for q = 3 on the triangular lattice, and we therefore focus on their application to q ≥ 3 for Λ = sq, hc, (4 · 8
2 ) and to q ≥ 4 for Λ = tri, and similarly for other lattices. The lower bounds on W (Λ, q) derived in [5] - [8] for various lattices Λ used Eq. (2.9) with T being a coloring compatibility matrix joining adjacent paths and with k = 1. Here we generalize this method in several ways. Our first generalization is to use a coloring compatibility matrix that joins adjacent strips of width b ≥ 2 vertices, rather than adjacent one-dimensional (b = 1) paths. For simplicity, we explain this for the square lattice; similar discussions apply for other lattices. We define the matrix T to enumerate compatible colorings of a strip of transverse width b vertices and an adjacent parallel strip of width b and arbitrary length L x vertices, with cyclic boundary conditions. (Here, by cyclic boundary conditions for a given strip, we mean in the x, i.e., longitudinal, direction along this strip). The condition that these strips are adjacent is equivalent to the statement that they share a common set of edges. Thus, this CCM is an N × N matrix, where N is the chromatic polynomial for the cyclic strip of width b vertices and arbitrary length L x , with cyclic boundary conditions. For this CCM, the sum of elements S(T ) is equal to the chromatic polynomial of a strip of width L y = 2b − 1 vertices and arbitrary length L x vertices with cyclic boundary conditions. These chromatic polynomials of lattice strips of a fixed width L y and arbitrarily great length L x with periodic boundary conditions in the longitudinal direction and free boundary conditions in the transverse direction have the form
where
is the binomial coefficient. For a table of the n P (L y , d), see [13] . Because of the limits (2.2) and (2.3), only the largest λ Λ,Ly,d,j enters in the lower bound (2.9) in the thermodynamic limit. As specific studies such as [14] - [17] showed, the dominant λ for the values of q of relevance here is λ Λ,Ly,0,1 .
Applying this generalization of the coloring compatibility matrix in combination with the k = 1 case of (2.9), we derive the new lower bound for b ≥ 2:
The final subscript, 1, in W (Λ, q) ℓ;b,1 in (3.3) and (3.4) is the value of k. The corresponding lower bound for W (Λ, y) is
where, in accordance with Eq. (2.12), 6) with ∆ Λ being the coordination number of the lattice Λ, as before. The inequality (3.3) with (3.4) is actually an infinite family of lower bounds depending on the strip width b = 1, 2, ..., and similarly with (3.5) and (3.6) . This is one of our two major results, which we will proceed to apply to a number of different lattices. The special case b = 1 was previously used in [8] and [5] - [7] to derive lower bounds which we denote here as W (Λ, q) ℓ;1,1 and correspondingly W (Λ, y) ℓ;1,1 . Our generalization in this subsection is to b ≥ 2 with k = 1. Our second generalization is to use a coloring compatibility matrix method that involves paths (i.e., onedimensional strips, with b = 1) on Λ that are separated by k edges, where k ≥ 2, rather than the situation with b = 1 and k = 1 considered in [5] - [7] , where the paths were adjacent. This means using the coloring compatibility matrix T defined as connecting adjacent paths, and having it operate k times, with k ≥ 2. Hence, N = P (C Lx , q) and S(T k ) is the chromatic polynomial of a strip of width L y = k + 1 vertices and arbitrary length L x vertices with cyclic boundary conditions. Again, only the dominant λ Λ,Ly,d,j terms enter in (2.9) in the thermodynamic limit. Using this method in combination with (2.9), we derive the lower bound
In (3.7) and (3.8), the first subscript after ℓ; is b = 1. An important theorem extending the result (2.9) is that for a symmetric nonnegative matrix T [18] ,
is an increasing function of k . (3.9) It follows that, for the physical range of q of relevance for our application to a lattice Λ,
The corresponding lower bound for W (Λ, y) is
where, in accordance with Eq. (2.12),
Again, the inequality (3.7) with (3.8) is actually a oneparameter family of lower bounds depending on the parameter k = 1, 2, ..., and similarly with (3.11) and (3.12) . This is the second of our major results. The special case k = 1 (with b = 1) was previously used in [5] - [8] ; the generalization presented in this subsection is to k ≥ 2 with b = 1. We have also carried out further generalizations of lower bounds on W (Λ, q) with both b ≥ 2 and k ≥ 2. These are more complicated and will be presented elsewhere.
C. Measures of Improvement of Bounds
For a lattice Λ and a given q, we define the ratio of a lower bound W (Λ, q) ℓ;b,k to the actual value of W (Λ, q) as
This ratio is useful as a measure of how close a particular lower bound W (Λ, q) ℓ;b,k is to the actual value of the ground-state degeneracy per vertex, W (Λ, q). For most lattices and values of q, the value of W (Λ, q) is not known exactly, but rather is determined for moderate values of q by Monte Carlo simulations, as discussed in [5, 6] and, for larger values of q, by large-q series expansions [20] . Special cases of Λ and q for which exact results are known will be noted below. An important property of our new lower bounds is that, for a given lattice Λ, they are larger than and hence more restrictive than the bounds W (Λ, q) ℓ;1,1 derived in [5] - [8] . Since the lower bounds W (Λ, q) ℓ;1,1 were very close to the actual values of W (Λ, q) for all but the lowest values of q, our improved lower bounds are even closer to these actual values. For the same reason, our new lower bounds yield the greatest fractional improvement for low to moderate values of q and are only slightly greater than W (Λ, q) ℓ;1,1 for larger values of q. This will be evident in our explicit results. For our present discussion, we take T to be the matrix that acts k times mapping a strip of width b to an adjacent strip of width b on Λ. Then the theorem (3.9) and its corollary (3.10) imply that, for fixed b, the ratio of our lower bound W (Λ, q) ℓ;b,k to the actual value W (Λ, q) is an increasing function of k, i.e., R Λ,q;ℓ;b,k is an increasing function of k .
(3.14)
That is, as k increases, the lower bound W (Λ, q) ℓ;b,k becomes more restrictive. From our analysis, we also find that for fixed k = 1 and b ≥ 2,
For a given Λ and q, it is also of interest to compare the various lower bounds with each other. For this purpose, we define the ratio
By the same argument, theorem (3.9) and its corollary (3.10) imply that for a given lattice Λ, our new lower
We observe also that
As will be evident from our explicit results, for the range of q that we consider, these inequalities are realized as strict inequalities. As noted above, since the latter lower bounds W (Λ, q) ℓ;1,1 are very close to the actual values of W (Λ, q), even for q only moderately above χ(Λ), as shown in Table I of [5] and Tables I-III of [6] , our new bounds are even closer to these actual values of W (Λ, q).
In all cases, we find that the ratios approach unity rapidly in the limit q → ∞.
A major result of Ref. [7] was the derivation of general formulas for the lower bound W (Λ, q) ℓ;1,1 and W (Λ, y) ℓ;1,1 for all Archimedean lattices and their (planar) duals (Eqs. (4.11), (4.13), (5.1), and (5.2) in [7] ). As will be evident below, aside from the basic theorems, our new lower bounds W (Λ, q) ℓ;b,k with b ≥ 2 and/or k ≥ 2 do not have such simple general formulas. However, as noted, they do provide a useful improvement on the earlier W (Λ, q) ℓ;1,1 lower bounds, especially for q values not too much larger than χ(Λ).
IV. SQUARE LATTICE
As noted above, since the value W (sq, 2) = 1 is known exactly by elementary methods, we focus on the application of our new lower bounds to the range q ≥ 3. We first recall the result for the case b = 1, k = 1. With T being the coloring matrix connecting adjacent rows or columns of a square lattice, and with the application of the k = 1 special case of the theorem (2.9), one has
where [8] 
In terms of W (sq, y), given by (2.12) with Λ = sq and ∆ = 4, the lower bound is the b = 1 case of (3.5) with Λ = sq, namely
as listed in Table III of [7] .
A. CCM Method with b ≥ 2 and k = 1
We first use our generalized method with the coloring compatibility matrix relating the allowed colorings of a width b = 2 cyclic ladder strip of the square lattice to those of the adjacent b = 2 strip. For this, we need the dominant term in the chromatic polynomial for the square-lattice strip of width 2b − 1 = 3 for the relevant range of q ≥ 3. This chromatic polynomial was calculated in [14] , and the dominant term is λ sq,3,0,1 , namely
This term is also the dominant λ in the chromatic polynomial for the strip of the square lattice with transverse width L y = 3 vertices and arbitary length, with free longitudinal and transverse boundary conditions [19] . Our lower bound with b = 2 (and k = 1) then reads
where [21] 
Using the analytic results (4.2) and (4.6), we have proved the following inequality (for q ≥ 3):
In terms of the ratio R sq,q;(2,1)/(1,1) ,
The inequality (4.8) means that our new lower bound, (4.5), is more stringent than the previous lower bound (4.1) obtained with the CCM method with b = 1 and k = 1.
Ref. [5] showed that as q increases, R sq,q;1,1 rapidly approaches extremely close to unity. For example, for q = 4, 5, 6, R sq,q;1,1 is equal to 0.9984, 0.9997, and 0.9999 (see Table I in [5] ), respectively, and it increases monotonically with larger q. Our improved lower bound (4.5) on W (sq, q) is therefore even closer to the respective actual values of W (sq, q). As will be discussed below, this is also true of our other new lower bounds using b = 1 and k ≥ 2. We note that if one were formally to extend the range of applicability of (4.7) down to q = 2, it would be realized as an equality, and if one were to extend the range of applicability of (4.8) to 2 ≤ q ≤ ∞, it would be realized as an equality at q = 2 and in the limit q → ∞.
For the previous lower bound W (sq, q) ℓ;1,1 , the largest deviation from the actual value occurs at q = 3. It happens that for q = 3, W (sq, 3) is known exactly [22] :
For the old bound,
so that
to the indicated floating point accuracy. As guaranteed by the general inequality (4.8), our lower bound (4. Table I .
In terms of the function W (sq, y), our lower bound (4.5) reads
We have also calculated the lower bound W (sq, q) ℓ;b,1 for b = 3, and we list the ratio R sq,3;ℓ;3,1 in Table I .
B. CCM Method with b = 1 and k ≥ 2
Next, we apply our second generalized method to the square lattice. For k = 2, our lower bound obtained using this method is (3.7) with (3.8), namely
The corresponding lower bound on W (sq, y) is
For b = 1 and k = 3, we need the dominant λ in the chromatic polynomial for the cyclic square-lattice strip of width L y = 4 vertices and arbitrary length L x , namely λ sq,4,0,1 , which was calculated in [23] (and is the same as the dominant λ in the chromatic polynomial of the free square-lattice strip of width L y = 4 [19] ). This term λ sq,4,0,1 is the largest (real) root of the cubic equation (C1) in Appendix C. Our bound is then W (sq, q) ≥ W (sq, q) ℓ;1,3 , where
In a similar manner, for b = 1 and k = 4, we have obtained the bound W (sq, q) ≥ W (sq, q) ℓ;1,4 , where
and λ sq,5,0,1 is the largest (real) root of an algebraic equation of degree 7.
As a special case of our general result (3.10), we have
In the range q ≥ 3 under consideration here, we find that each ≥ is realized as >, i.e., a strict inequality.
It is also of interest to compare our various lower bounds W (sq, q) ℓ;b,1 and W (sq, q) ℓ;1,k with each other. For the first two above the old case b = 1, k = 1, we find
That is, our lower bound with (b, k) = (2, 1) is larger, and hence more restrictive, than our lower bound with (b, k) = (1, 2). In the limit q → ∞, the ratio (4.23) approaches 1.
C. Plots
In Fig. 1 we plot the ratios R sq,q;(b,1)/(1,1) for b = 2 and b = 3 as functions of q in the range 3 ≤ q ≤ 6, and in Fig.  2 we plot the ratios R sq,q;(1,k)/(1,1) for k = 2 up to k = 5, as functions of q in the same range. (Here and below, such plots entail a continuation of the relevant expressions from integral q to real q.) These plots illustrate the result that we have proved in general, that, for a given q, R Λ,q;(1,k)/(1,1) is an increasing function of k, and also our result that R sq,q;(3,1)/(1,1) ≥ R sq,q;(2,1)/(1,1) . (If formally continued below q = 3 to q = 2, the curves reach maxima and then decrease; for example, R sq,q;(2,1)/(1,1) reaches a maximum of 1.06 at q ≃ 2.29 and then decreases to 1 as q ց 2, while R sq,q;(1,2)/(1,1) reaches a maximum of 1.03 at q ≃ 2.29 and then decreases to 1 as q ց 2.) As the results in these figures show, our new lower bounds improve most on the earlier W (sq, q) ℓ;1,1 in the region of q > ∼ 3; as q increases beyond this region, the new bounds approach the earlier one. This feature will be evident from the large-q (small-y) expansions, since the new bound and the earlier one coincide in the terms of the small-y expansion up to O(y 6 ). We also find this type of behavior 
FIG. 1:
Plot of the ratios R sq,q;(2,1)/(1,1) (lower curve) and R sq,q;(3,1)/(1,1) (upper curve) as functions of q for 3 ≤ q ≤ 6. for the new lower bounds that we have derived for other lattices; that is, the degree of improvement is greatest for the region of moderate q slightly above χ(Λ). On a given lattice Λ, for larger q, our new bounds rapidly approach the earlier one with k = 1 and b = 1; i.e., the ratio R Λ,q;(b,k)/(1,1) rapidly approaches unity. Combining these results with the results in Table I in [5] and Table I in [6] , it follows that as q increases above the interval of q = 3 and q = 4, these lower bounds approach extremely close to the actual respective values of W (sq, q). As was evident from these tables in [5, 6] , in the range q ≥ 3, the greatest deviation of the lower bound W (sq, q) ℓ;1,1 from the actual value of W (sq, q) occurs at q = 3. It is thus of interest to determine how much closer our improved lower bounds are to W (sq, 3 This ratio and the other ones discussed here are listed in Table I .
Since W (tri, 3) = 1 is exactly known, we will restrict our consideration of lower bounds to the range q ≥ 4. We recall that for b = 1 and k = 1, one has the lower bound [5] - [7] W (tri, q) ≥ W (tri, q) ℓ;1,1 , where
As was discussed in [5] , q increases beyond the lowest values above χ(tri) = 3, this lower bound rapidly approaches the known value of W (tri, q) (see Table I in [5] ), where the latter was determined by a numerical evaluation of an integral representation and infinite product expression [26] . For example, for q = 5, 6, 7, R tri,q;1,1 is equal to 0.9938, 0.9988, and 0.9996, respectively, and it increases monotonically with larger q. Since our new lower bounds on W (tri, q) are more restrictive than (5.1), they are therefore even closer to the respective actual values of W (tri, q).
The corresponding lower bound on W (tri, y) is W (tri, y) ≥ W (tri, y) ℓ;1,1 , where
(see Table III in [7] ).
Here we derive a new lower bound on W (tri, q) using our first generalization of the CCM method with b = 2, k = 1. For this purpose, we need the chromatic polynomial of the cyclic strip of the triangular lattice of width L y = 3 vertices and arbitrary length, L x . This was calculated in [25] . The dominant λ in (3.1) is
Combining this with λ tri,2,0,1 , we derive the lower bound
The reduced function W (tri, y) is given by Eq. (2.12) with Λ = tri and ∆ = 6. The corresponding lower bound is 
Our new lower bound W (tri, q) ℓ;2,1 is larger than, and hence more restrictive than the previous lower bound, W (tri, q) ℓ;1,1 . That is, from the analytic forms (5.
This ratio approaches 1 as q → ∞. As was evident in Table I in [5] , the deviation of W (tri, q) ℓ;1,1 from the actual value of W (tri, q) was greatest for q = 4. Hence, it is of interest to determine how much closer our new lower bound W (tri, q) ℓ;2,1 is to the W (tri, q) for this value, q = 4. A closed-form integral representation has been given for W (tri, q) [26] ; in particular, an explicit result is the value for q = 4: (see Table I of [5] Table II . We see that W (tri, 4) ℓ;2,1 and W (tri, 4) ℓ;3,1 are closer to the exact value of W (tri, 4) than W (tri, 4) ℓ;1,1 .
By the same means as above, we derive
with For b = 1, k = 3, we need the dominant λ in the chromatic polynomial for the cyclic strip of the triangular lattice of width L y = k + 1 = 4, namely, λ tri,4,0,1 . This chromatic polynomial was calculated in [25] , and the dominant λ is given as the largest root of the quartic equation (C2) in Appendix C. This is also the dominant λ in the chromatic polynomial of the free strip of the triangular lattice with width L y = 4 and arbitrary length [19] . We have also calculated W (tri, q) ℓ;1,k for k = 4, 5. For reference, we list the various ratios R tri,4;ℓ;1,k in Table II .
D. Plots
In Fig. 3 we plot the ratios R tri,q;(b,1)/(1,1) for b = 2 and b = 3 as functions of q in the range 4 ≤ q ≤ 6, and in Fig. 4 we plot the ratios R tri,q;(1,k)/(1,1) for k = 2 up to k = 5, as functions of q in same range. As with the square lattice, these plots illustrate the result that we have proved in general, that, for a given q, R Λ,q;(1,k)/ (1,1) is an increasing function of k, and also our result that R tri,q;(3,1)/(1,1) ≥ R tri,q;(2,1)/(1,1) .
VI. HONEYCOMB LATTICE
Since W (hc, 2) = 1 is exactly known, we restrict our consideration of lower bounds for the honeycomb lattice to the range q ≥ 3. We recall that for b = 1 and k = 1, one has the lower bound W (hc, q) ≥ W (hc, q) ℓ;1,1 , where where the general expression for D n is given in Eq. (B7). Ref. [6] noted that as q increases beyond the lowest values above χ(hc) = 2, this lower bound rapidly approaches the actual value of W (hc, q) (see Table I in [6] ), where the latter was determined by a Monte-Carlo simulation checked for larger q with a large-q series approximation. For example, for example, for q = 3, 4, 5, R hc,q;1,1 is equal to 0.99898, 0.99985, and 0.99996, respectively, and it increases monotonically with larger q. Since our new lower bounds on W (hc, q) are more restrictive than (6.1), they are therefore even closer to the respective actual values of W (hc, q). The corresponding lower bound on W (hc, y) is W (hc, y) ≥ W (hc, y) ℓ;1,1 , where [7] W (hc, y) ℓ;1,1 = (1 + y 5 )
1/2 (6.2) (see Table III in [7] ). For the calculation of W (hc, q) ℓ;2,1 , we need the chromatic polynomial of the cyclic strip of the honeycomb lattice of width L y = 2b − 1 = 3 vertices and arbitrary length, L x , in particular, the dominant λ. This λ hc,3,0,1 is the largest (real) root of the cubic equation (C3) in Appendix C [27] . This dominant λ is also the input that we need for the calculation of W (hc, q) ℓ;1,2 , since the latter requires the same chromatic polynomial of the cyclic strip of the honeycomb lattice of width L y = k + 1 = 3 vertices and arbitrary length, L x , in particular, the dominant term. This λ is also the dominant term in the chromatic polynomial of the strip of the honeycomb lattice of width L y = 3 vertices and arbitrary length, with free boundary conditions [19] .
Using the CCM method with b = 1 and k = 1, Ref.
[6] derived the lower bound W ((4·8 2 ), q) ≥ W ((4·8 2 ), q) ℓ;1,1 , where
, y) ℓ;1,1 , where
We have obtained the slightly more restrictive lower bound
where λ (4·8 2 ),3,0,1 is the largest (real) root of the cubic
We analyze the small-y expansion of W ((4 · 8 2 ), y) ℓ;1,2 below.
In this section we consider the (3 · 6 · 3 · 6) lattice, commonly called the kagomé lattice (which we shall abbreviate as kag). Using the CCM method with b = 1 and k = 1, Ref. [7] derived the lower bound W (kag, q) ≥ W (kag, q) ℓ;1,1 , where
Equivalently, W (kag, y) > W (kag, y) ℓ;1,1 , where [7] W (kag, y) ℓ;1,
The zigzag path used in the derivation of this lower bound was described in detail in Ref. [7] . Here, we again take b = 1 and k = 1 but use a different type of path. A section of the kagomé lattice is shown in Fig. 5 . Rather than the zigzag path used in [7] , we choose the path to be given horizontal line in Fig. 5 . The matrix T then links the proper q-coloring of the vertices on this line, the vertices between this line and, say, the line above it, and the vertices on this higher-lying horizontal line. It turns out that the use of this different path yields a slightly more restrictive lower bound, which we shall indicate with a prime, namely W (kag, q) ≥ W (kag, q) .
(8.4)
We find that
The fact that the use of a different path can yield a more restrictive bound with the same value of b and k was already shown for the honeycomb lattice in [5, 6] . Thus, both Ref. [6] and Ref. [5] used the CCM method with b = 1 and k = 1, but Ref. [6] obtained a more restrictive lower bound for the honeycomb lattice by using a different path. The bounds W (kag, q) ℓ;1,1 and W (kag, q) ′ ℓ;1,1 both rapidly approach the actual value of W (kag, q) as q increases beyond the chromatic number, χ(kag) = 3. Below we shall show how the slight improvement with the new bound is manifested in the respective small-y expansions of W (kag, q) ℓ;1,1 and W (kag, q) ′ ℓ;1,1 . In passing, we note that we have also studied generalizations of the CCM method for some other Archimedean lattices.
IX. sq d LATTICE
So far, we have considered planar lattices. The coloring compatibility matrix method and our generalizations of it, also apply to a subclass of nonplanar lattices, namely the subclass that can be constructed starting from a planar lattice and adding edges between vertices on the orig-inal planar lattice. An example of this is the sq d lattice. As noted above, the sq d lattice is formed from the square lattice by adding edges (bonds) connecting the two sets of diagonal next-nearest-neighbor vertices in each square. Thus, the vertices and edges in each square form a K 4 graph. (Here, the K N graph is the graph with N vertices such that each vertex is connected to every other vertex by one edge.) Although an individual K 4 graph is planar, the sq d lattice is nonplanar. This lattice has coordination number ∆ sq d = 8 and chromatic number χ(sq d ) = 4. Although it is not 4-partite, an analysis of the way in which the number of proper 4-colorings of the vertices of a section of the sq d lattice grows with its area shows that W (sq d , 4) = 1.
Using the b = 1, k = 1 CCM, Ref. [6] derived the lower bound W (sq d , q) ≥ W (sq d , q) ℓ;1,1 , where
For our first generalization, namely b = 2 and k = 1, we need the dominant λ for a cyclic strip of the sq d lattice of width L y = 3, which is [17] 
X. SMALL-y EXPANSIONS OF NEW LOWER BOUNDS A. General
A lower bound on a function such as W (Λ, q) or W (Λ, y) plays a role that is different from, and complementary to, that of a Taylor series expansion, in this case, a small-y expansion. The lower bound is valid for any value of q that is physical, but need not, a priori, be an accurate approximation to the actual function. In contrast, the large-q (equivalently, small-y) Taylor series expansion is an approximation to the function itself and, within its radius of convergence, it satisfies the usual Taylor series convergence properties. Thus, if one truncates this series to a fixed order of expansion, then it becomes a progressively more accurate approximate as the expansion variable becomes smaller, and for a fixed value of the expansion variable, it becomes a more accurate expansion as one includes more terms.
A lower bound on a function W (Λ, y) need not, a priori, agree with the terms in the small-y Taylor series expansion of this function. Some explicit examples of this are given in Appendix A. Interestingly, as discussed in [5] - [7] , the lower bounds derived there do agree with these small-y series to a number of orders in y (listed for Archimedean lattices in Table III and for the duals of Archimedean lattices in Table IV of Ref. [7] ).
It is thus clearly of interest to carry out a similar comparison to determine the extent to which our new lower bounds, which we have shown improve upon those in [8] and [5] - [7] , agree with the respective small-y expansions to higher order. We do this in the present section, showing that our new lower bounds are not only more stringent than the earlier ones, but also agree with the smally expansions of W (Λ, y) to higher order in y than these earlier lower bounds.
Because W (Λ, y) ℓ;b,k is a lower bound on W (Λ, y), one can draw one immediate inference concerning the comparison of the small-y Taylor series for these two functions, namely that for a given lattice Λ, if the small-y Taylor series of W (Λ, y) ℓ;b,k coincides with the small-y series for W (Λ, y) to order O(y ic ), inclusive, then the difference We discuss a subtlety in this comparison. One should first show that the small-y expansion is, in fact, a Taylor series expansion, i.e., that W (Λ, y) is an analytic function at y = 0 in the complex y plane, or equivalently, that W r (Λ, q) is an analytic function at 1/q = 0 in the complex plane of the variable 1/q. In fact, there are families of N -vertex graphs G N such that W r ({G}, q) is not analytic at 1/q = 0 [28] , where here {G} denotes the formal limit lim N →∞ G N . This is a consequence of the property that the accumulation set of zeros of the chromatic polynomial P (G N , q), denoted B, extends to infinite |q| in the q plane, or equivalently, to the point 1/q = 0 in the 1/q plane. (The zeros of P (G, q) are denoted as the chromatic zeros of G.) Refs. [28] constructed and analyzed various families of graphs for which this is the case. For regular (vertex-transitive) N -vertex graphs G Λ,N of a lattice Λ with either free or periodic (or twisted periodic) boundary conditions, the resultant W r (Λ, q) functions obtained in the N → ∞ limit are analytic at 1/q = 0. This follows because a necessary condition that B extends to infinitely large |q| as N → ∞ is that the chromatic zeros of G Λ,N have magnitudes |q| → ∞ in this limit. However, a vertex-transitive graph G has the property that all vertices have the same degree, ∆ and a chromatic zero of G has a magnitude bounded above as |q| < 8.4∆ [29] . So for the N → ∞ limit of a regular lattice graph Λ, W r (Λ, q) is analytic at 1/q = 0 and equivalently, W (Λ, y) is analytic at y = 0, and the corresponding series expansions in powers of 1/q and powers of y are Taylor series expansions.
B. Square Lattice
The small-y expansion of W (sq, y) is [20] W (sq, y) = 1 + y 3 + y 7 + 3y 8 + 4y 9 + 3y
This series and several others for regular lattices are known to higher order than we list; we only display the various series up to the respective orders that are relevant for the comparison with our lower bounds. As is evident from Eq. Comparing the small-y expansion of our new lower bound function W (sq, y) ℓ;b,1 with b = 2, as well as the old lower bound function W (sq, y) ℓ;1,1 , with the actual small-y series for W (sq, y) in Eq. (10.3), we can make several observations. First, the small-y expansions for W (sq, y) ℓ;2,1 coincides with the small-y expansion of W (sq, y) to O(y 8 ), inclusive, which is an improvement by two orders in powers of y as compared with W (sq, y) ℓ;1,1 (see Eq. (4.3) ). Since increasing b (with k fixed) improves the accuracy of the lower bound, it follows that W (sq, y) ℓ;b,1 will also coincide with the series for W (sq, y) to at least O(y 8 ) for b ≥ 3 as well as for b = 2. Moreover, although the respective coefficients of y 9 in the series for W (sq, y) ℓ;1,1 and W (sq, y) ℓ;2,1 , namely 0 and 3, do not match the coefficient of y 9 in the actual small-y expansion of W (sq, y), which is 4, one can see that as b increases from 1 to 2, this coefficient of the y 9 term increases toward the exact coefficient.
Regarding the matching of terms in the small-y expansions of the W (sq, y) ℓ;b,1 , as compared with W (sq, y) ℓ;1,k , that we have calculated, we find that this matching is better by two orders for the W (sq, y) ℓ;b,1 than W (sq, y) ℓ;1,k . That is, for the k values that we have calculated, namely k = 2, 3, the lower bounds W (sq, y) ℓ;1,k match the smally expansion of W (sq, y) to order O(y 6 ), the same order as W (sq, y) ℓ;1,1 .
A related property of our lower bounds for a general lattice Λ and, in particular, for the square lattice, follows as a consequence of the theorem (3.9) and (3.10): with b = 1, since the lower bound W (Λ, y) ℓ;1,k is a monotonically increasing function of k, the degree of matching of coefficients in the small-y expansion for W (Λ, y) must improve monotonically as k is increased. A priori, this improvement could be manifested in two ways (or a combination of the two): (i) as k is increased, coefficients of terms of higher order in y are exactly matched, or (ii) the coefficient of a given term of a certain order in y approaches monotonically toward the exact value. For the present lattice Λ = sq, we see that, for the W (sq, q) ℓ;1,k that we have calculated, the latter type of behavior, (ii), occurs. That is, as we increase k from 1 to 2 to 3, the coefficient of the y 7 term in the small-y series for W (sq, y) ℓ;1,k increases from 0 to 1/2 to 2/3, moving toward the exact value of 1. This is similar to the behavior that we observed with the respective coefficients of the y 9 term in the small-y expansions of W (sq, y) ℓ;b,1 as compared with the exact value. This type of behavior is in accord with the inequality (10.2).
Regarding the relative ordering of the various lower bounds that we have obtained, from the small-y expansion, we find, for large q, the ordering W (sq, y) > W (sq, y) ℓ;3,1 > W (sq, y) ℓ;2,1 > W (sq, y) ℓ;1,3 > W (sq, y) ℓ;1,2 > W (sq, y) ℓ;1,1 .
(10.7)
In fact, we find that this ordering also extends down to the lowest value where we apply our lower bounds, namely q = 3. For bounds on W (sq, 4) and W (sq, 5), see [30] .
C. Triangular Lattice
The small-y expansion of W (tri, y) is [20] W (tri, y) = 1 − 2y 2 + y 4 + y 5 + 5y 6 + 16y 7 + 47y
As is evident from Eq. (5.2), the previous lower bound W (tri, y) ℓ;1,1 = (1−y 2 ) 2 [5, 7] , matches the small-y series to O(y 4 ), inclusive. We list below the small-y expansions of the various new lower bounds W (tri, y) ℓ;b,k that we have derived with b ≥ 2 and k = 1, and with b = 1, k ≥ 2:
(10.10) and
Comparing these with the small-y series for W (tri, y) ℓ;1,1 , we find that, among (10.9)-(10.11), the greatest matching of terms is achieved with (10.9), i.e., by increasing b. Specifically, the small-y expansion for W (tri, y) ℓ;2,1 matches the small-y expansion of W (tri, y) to O(y 6 ) inclusive, which is an improvement by two orders in y as compared with W (tri, y) ℓ;1,1 . This increase by two orders in y is the same amount of improvement that we found for our lower bound for the square lattice, W (sq, y) ℓ;2,1 as compared with W (sq, y) ℓ;1,1 .
As was true of the lower bounds for the square lattice, the lower bounds W (tri, y) ℓ;1,k with k = 2 and k = 3 coincide with the small-y series for W (tri, y) to the same order, namely O(y 4 ), as W (tri, y) ℓ;1,1 . However, as k increases from 1 to 2 to 3, the coefficient of the first unmatched term in the respective small-y series for W (tri, y) ℓ;1,k , viz., the y 5 term, increases from 0 to 1/2 to 2/3, moving toward the exact value of 1. An inequality that follows from the theorem (3.9) and general result (3.10) , is that with b = 1, W (tri, y) ℓ;1,k is a monotonically increasing function of k.
Concerning the relative ordering of the various lower bounds that we have obtained, from the small-y expansion, we find, for large q, the ordering
(10.12)
Indeed, we find that this ordering also extends down to the lowest value where we apply our bounds, namely q = 4.
D. Honeycomb Lattice
The small-y expansion of W (hc, y) is [20] W (hc, y) [5]- [7] has the small-y expansion
(10.14)
Thus, as was noted in [5] - [7] , this small-y expansion coincides with the small-y expansion of W (hc, y) to the quite high order O(y 10 ). We list below the small-y expansions of the various new lower bound functions W (hc, y) ℓ;b,k that we have derived with b ≥ 2 and k = 1 and with b = 1, k ≥ 2: (10.16) As with the square and triangular lattices, we find that among (10.15)-(10.16), the greatest matching of terms is achieved with (10.15), i.e., by increasing b. Specifically, the small-y expansion for W (hc, y) ℓ;2,1 matches the small-y expansion of W (hc, y) to O(y 12 ) inclusive, which is an improvement by two orders in y as compared with W (hc, y) ℓ;1,1 .
The theorem (3.9) and corollary (3.10) imply that W (hc, q) ℓ;1,2 > W (hc, q) ℓ;1,1 , and this inequality is reflected in the degree of matching of the small-y expansions for the corresponding functions W (hc, y) ℓ;1,2 and W (hc, y) ℓ;1,1 . Although W (hc, y) ℓ;1,2 does not increase the order of matching, as compared with W (hc, y) ℓ;1,1 , it begins the process of building up a nonzero coefficient for a y 11 term, which was zero in the expansion of W (hc, y) ℓ;1,1 . Specifically, the small-y expansion of W (hc, y) ℓ;1,2 contains a y 11 term with coefficient 1/2, building toward the exact coefficient, 1, of y 11 in (10.13).
We next consider a (bipartite) heteropolygonal Archimedean lattice, namely the (4 · 8
2 ) lattice. The small-y expansion of W ((4 · 8)
2 , y) is [6, 7] W ((4 · 8 2 ), y) The small-y expansion of the lower bound obtained in [5, 7] , W ((4 · 8 2 ), y) ℓ;1,1 , is As was noted in [6, 7] , this coincides with the small-y expansion of W ((4 · 8), y) to the quite high order O(y 12 ). We list below the small-y expansions of the various new lower bound functions W ((4·8 2 ), y) ℓ;b,k that we have derived with b ≥ 2 and k = 1 and with b = 1, k ≥ 2: Evidently, the small-y series expansions of W ((4 · 8 2 ), y) ℓ;2,1 and W ((4 · 8 2 ), y) ℓ;1,2 match the small-y expansion of W ((4 · 8
2 ), y) to at least the same order as W ((4 · 8 2 ), y) ℓ;1,1 . Further, we observe that for small-y,
The small-y expansion of W (kag, y) is [7] W (kag, y) = 1 − As was discussed in [7] , the small-y expansion of the b = 1, k = 1 lower bound W (kag, y) From these expansions we find, for large q, the ordering
29) This is the same ordering that we found for the other lattices.
XI. CONCLUSIONS
Nonzero ground-state entropy per site, S 0 , and the associated ground-state degeneracy per site, W = e S0/kB , are of fundamental importance in statistical mechanics. In this paper we have presented generalized methods for deriving lower bounds on the ground-state degeneracy per site, W (Λ, q), of the q-state Potts antiferromagnet on several different lattices Λ. Our first generalization is to consider a coloring compatibility matrix that relates a strip of width b ≥ 2 vertices to an adjacent strip of the same width. Our second generalization is to consider a coloring compatibility matrix that acts k ≥ 2 times in relating a path on Λ to an adjacent parallel path. We have applied these generalizations to obtain new lower bounds on W (Λ, q), denoted W (Λ, q) ℓ;b,k . In this notation, the lower bounds previously derived in [5] - [8] have b = 1 and k = 1. One of the interesting properties of these bounds W (Λ, q) ℓ;1,1 obtained in [5] - [8] was that as q increases beyond χ(Λ) they rapidly approach quite close to the actual respective values of W (Λ, q). We have shown that our new lower bounds are slightly more restrictive than these previous lower bounds, and consequently are even closer to the actual values W (Λ, q). We have demonstrated how this is manifested in the matching to higher-order terms with the large-q (small-y) Taylor series expansions for the corresponding functions W (Λ, y) for the various lattices that we have considered.
As discussed in [12] , because of the noncommutativity (2.15), if instead of setting q = r, evaluating P (G rp. , r), and then taking the N → ∞, one first takes N → ∞ with q in the vicinity of r, and then performs the limit q → r, one can, in general, get a different result for W (Λ, q). Indeed, this is the case for many lattice strips of regular lattices of a fixed width L y , an arbitrary length, L x , and various transverse and longitudinal boundary conditions [12, 14, 23, 25] . The coloring problem on a given lattice Λ is of interest for q ≥ χ(Λ), since this is the minimum (integer) value of q for which one can carry out a proper q-coloring of the vertices of Λ. In a number of cases, χ(Λ) < q c (Λ). If one considers W (Λ, q) for q < q c (Λ), then one must deal with the generic noncommutativity in the limits (2.15) [12] . Here we always use the order D N q , i.e., we fix q to a given value and then take N → ∞. Actually, in view of the results (A1) and (A2), for the square and honeycomb lattices, W (sq, 2) = W (hc, 2) = 1, and for the triangular lattice, W (tri, 3) = 1. Since our new lower bounds are intended for practical use and since one already knows (with the D N q definition) the values of W (sq, 2), W (hc, 2), and W (tri, 3) exactly, we may restrict our analysis to the application of our new bounds in the range q ≥ 3 for the square and honeycomb lattices and to the range q ≥ 4 for the triangular lattice.
For reference, we recall an elementary lower bound on P (G, q) and hence on lim N →∞ P (G, q) 1/N , where G is an N -vertex graph. If G is bipartite (bp.) then one can assign a color to all of the vertices of the even subgraph in any of q ways and then one can assign one of the remaining q − 1 colors to each of the vertices on the odd subgraph independently, so P (G bp. , q) ≥ q(q − 1) N/2 . Hence, for a bipartite lattice, denoting Λ bp. as the N → ∞ limit of G bp. , one has W (Λ bp. , q) ≥ (q − 1) 1/2 . Both of these lower bounds are realized as equalities only in the case q = 2. More generally, if G rp. is an r-partite graph and Λ rp. = lim N →∞ Λ rp.,N , then
and hence
Thus, for example, one has the elementary lower bounds W (sq, q) ≥ (q − 1) 1/2 and W (tri, q) ≥ (q − 2) 1/3 , etc. For q > r on Λ rp. , the lower bound (A4) is less stringent than the ones derived in [7] - [8] and here via coloring matrix methods. Indeed, these lower bounds illustrate the fact noted in the text, namely that, a priori, a lower bound need not agree with terms in the large-q expansion of W r (Λ, q) or the equivalent small-y expansion of W (Λ, y). For example, for the square and honeycomb lattices, the r = 2 special cases of (A4) read, for q ≥ 2,
Since W (Λ, q) ∼ q for large q, these lower bounds becomes progressively worse (i.e., farther from the actual value) as q increases above 2. The corresponding lower bounds in terms of W (sq, y) and W (hc, y) are
Rather than matching any terms in the respective smally expansions (10.3) and (10.13), the right-hand sides of these lower bounds vanish for small y. Similarly, since the triangular lattice is tripartite, the r = 3 special case of (A4) yields the lower bound, for q ≥ 3,
In terms of W (tri, y), this is
Again, for small y, this vanishes rather than matching any of the terms of the small-y expansion (10.8). Thus, as noted, a lower bound need not match any of the terms in the small-y expansion. This emphasizes how impressive the new lower bounds are in their matching of these terms in the small-y expansions for the various lattices to high order.
Appendix B: Lower Bounds W (Λ, q) ℓ;1,1 and W (Λ, y) ℓ;1,1 for Archimedean Lattices
We list here some general results that were proved in Ref. [7] for the lower bounds W (Λ, q) ℓ;1,1 and the corresponding lower bounds W (Λ, y) ℓ;1,1 for the eleven Archimedean lattices. These are useful here because we compare our new lower bounds W (Λ, q) ℓ;b,k and the corresponding lower bounds W (Λ, y) ℓ;b,k with b ≥ 2 and/or k ≥ 2 to these earlier ones with b = k = 1. (Ref. [7] also gave lower bounds for the planar duals of the Archimedean lattices; we do not list these here but instead refer the reader to [7] .)
We begin with some basic definitions and properties of Archimedean lattices. An Archimedean lattice is defined as a uniform tiling of the plane by one or more types of regular polygons in which all vertices are equivalent (see, e.g., [11] ). Such a lattice is specified by the ordered sequence of polygons that one traverses in making a complete circuit around a vertex in a given (say counterclockwise) direction. This definition is incorporated in the mathematical notation for an Archimedean lattice,
where in the above circuit, the notation p ai i indicates that the regular polygon p i occurs contiguously a i times; it can also occur noncontiguously. Because the starting point is irrelevant, the symbol is invariant under cyclic permutations. For later purposes, when a polygon p i occurs several times in a non-contiguous manner in the product, we shall denote a i,s as the sum of the a i 's over all of the occurrences of the given p i in the product. There are eleven Archimedean lattices, including (3 6 ), (4 4 ), (6 3 ), (3 4 · 6), (3 · 6 · 3 · 6), (3 · 12 2 ), and (4 · 8 2 ). Of these lattices, three are homopolygonal, i.e., they only involve one type of regular polygon: (3 6 ) = tri, (4 4 ) = sq, and (6 3 ) = hc. The other eight are heteropolygonal, i.e., involve tilings with more than one type of regular polygon. The (3·6·3·6) lattice is commonly called the kagomé lattice in the physics literature.
The degree ∆ of a vertex of a graph G is the number of edges (bonds) that connect to this vertex. For a regular (infinite) lattice, this is the same as the coordination number. For an Archimedean lattice (B1), the coordination number is
Of course, for a finite lattice with free boundary conditions, the vertices on the boundary have lower values of ∆ than those in the interior; this will not be important for our rigorous bounds, which pertain to the thermodynamic limit on an infinite lattice. For a homopolygonal lattice Λ = (p a ), there is a constraint relating the coordination number to p, namely ∆ = a = 2p p − 2 , for Λ = (p a ) .
This can be written in the symmetric form ∆ −1 + p −1 = 1/2. The number of polygons of type p i per site is given by
The set of homopolygonal Archimedean lattices is invariant under the (planar) duality transformation, which interchanges 0-cells (vertices) and 2-cells (faces) and thus maps (p a ) → (a p ). When one applies the (planar) duality transformation to the other eight Archimedean lattices, the resultant lattices are not Archimedean.
As noted, the chromatic polynomial of a circuit graph is P (C n , q) = (q − 1) n + (q − 1)(−1) n .
Since this chromatic polynomial has q(q − 1) as a factor, we can write it as Ref. [7] proved the following general lower bounds for an Archimedean lattice, Λ = ( i p ai i ) (where we add the subscripts 1, 1 to indicate b = 1 and k = 1 to match our current notation for W (Λ, q) ℓ;b,k ):
Here, the {i} in the product label the set of p i -gons involved in Λ and ν pi was defined in eq. (B4). This lower bound takes a somewhat simpler form in terms of the related function W (Λ, y) ℓ , namely, 
These are summarized in Table III . 1/4
